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The performance of the Coulomb-attenuated CAM-B3LYP exchange-correlation

functional is compared with that of B3LYP in an extensive chemical assessment.
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Abstract

The recently-proposed CAM-B3LYP exchange-correlation energy func-

tional, based on a partitioning of the r
−1
12 operator in the exchange in-

teraction into long- and short-range components, is assessed for the de-

termination of molecular thermochemistry, structures, and second-order

response properties. Rydberg and charge-transfer excitation energies and

static electronic polarisabilities are notably improved over the standard

B3LYP functional; classical reaction barriers also improve. Ionisation po-

tentials, bond lengths, NMR shielding constants and indirect spin-spin

coupling constants are comparable with the two functionals. CAM-B3LYP

atomisation energies and diatomic harmonic vibrational wavenumbers are

less accurate than those of B3LYP. Future research directions are outlined.

1 Introduction and theoretical background

Yanai et al. [1] recently introduced a new hybrid exchange-correlation energy

functional for Kohn-Sham density functional theory (DFT), based on the Coulomb-

attenuating method (CAM). The approximation, denoted CAM-B3LYP, follows

original works of Hirao and coworkers [2, 3] and Savin and coworkers [4, 5]; see

Refs. [6-9] for related work. Preliminary investigations [1, 10] have demonstrated

that CAM-B3LYP provides significantly improved Rydberg and charge-transfer

electronic excitation energies, due to an improved description of the long-range

exchange interaction. However, there has been minimal investigation into its per-

formance for other chemical properties. The present study addresses this issue.

We commence by reiterating the definition of the functional, taking the op-

portunity to clarify in greater detail some of its aspects. It is recognised that

a crucial part of an exchange-correlation functional is the exchange component.

The key step in the Coulomb-attenuating method of Ref. [1] is the partitioning

of the r−1
12 operator, in the exchange interaction, into two parts

1

r12
=

[α + βerf(µr12)]

r12
+

1 − [α + βerf(µr12)]

r12
(1)

where µ is a parameter of dimension L−1 and α and β are dimensionless parame-

ters satisfying 0 ≤ α+β ≤ 1, 0 ≤ α ≤ 1, and 0 ≤ β ≤ 1. The exchange energy is

then expressed as the sum of long-range (LR) and short-range (SR) components

EX = ELR

X
+ ESR

X
(2)

The long-range part is evaluated quantum mechanically, in terms of spin orbitals

ELR

X
= αE0

X
− β

2

∑
σ

∑
ij

∫ ∫
ψiσ(r1)ψjσ(r1)

erf(µr12)

r12
ψiσ(r2)ψjσ(r2)dr1dr2 (3)
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where E0
X

is the exact, negative, orbital exchange energy (the standard Hartree-

Fock expression evaluated using the Kohn-Sham orbitals) whilst the short-range

part is expressed in terms of the local DFT one-particle density matrix P1σ(r1, r2)

ESR

X
= −1

2

∑
σ

∫ ∫ (1 − [α + βerf(µr12)])(P1σ(r1, r2))
2

r12
dr1dr2 (4)

The notation LR and SR reflects the dependence of the partitioning in Eqn. (1)

on the interelectron distance r12, as is evident in Fig. 2(c) of Ref. [1]. As r12

gets larger, the exchange is increasingly described through the exact orbital ex-

pression, rather than through density functional theory. From Eqn. (3), an exact

description of long-range exchange (r12 → ∞) requires α + β = 1.

For the case of the local density approximation (LDA) in the short-range

component, changing variables to r = (r1 + r2)/2 and s = r1 − r2 and performing

the s integration (which can be performed analytically as shown by Gill et al [11]),

gives the following result

ESR

X
= −1

2

∑
σ

∫
ρ4/3

σ KLDA

σ ((1 − α) − β(
8

3
aσ[

√
πerf(

1

2aσ

) + 2aσ(bσ − cσ)]))dr (5)

where KLDA

σ is defined by the standard LDA exchange energy expression

ELDA

X
= −1

2

∑
σ

∫
ρ4/3

σ KLDA

σ dr (6)

and aσ, bσ, cσ are given by

aσ =
µ

2kLDA

σ

(7)

bσ = exp(− 1

4a2
σ

) − 1 (8)

cσ = 2a2

σbσ +
1

2
(9)

kLDA

σ is the Fermi momentum

kLDA

σ = (6π2ρσ)
1/3

(10)

which is related to KLDA

σ by

kLDA

σ = (9π/KLDA

σ )1/2ρ1/3

σ (11)

To derive an approximate short-range energy expression for generalised gradient

approximation (GGA) functionals, Ikura et al. [2] assumed that the GGA one-

particle density matrix could be obtained by evaluating the LDA matrix with the

modified momentum

kGGA

σ = (9π/KGGA

σ )1/2ρ1/3

σ (12)
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where KGGA

σ defines the GGA energy in an analogous manner to Eqn. (6). This

gives

ESR

X
= −1

2

∑
σ

∫
ρ4/3

σ KGGA

σ ((1 − α) − β(
8

3
aσ[

√
πerf(

1

2aσ

) + 2aσ(bσ − cσ)]))dr(13)

where aσ = µ/2kGGA

σ . CAM-B3LYP uses the Becke 1988 (B88) exchange func-

tional [12]

KGGA

σ = KLDA

σ +
2βBx

2
σ

1 + 6βBxσarcsinh xσ

(14)

with βB = 0.0042 and x2
σ = (∇ρσ)2/ρ8/3

σ . Eqn. (13) can alternatively be written

ESR

X
= (1 − α)EGGA

X
+

4β

3

∑
σ

∫
ρ4/3

σ KGGA

σ aσ[
√
πerf(

1

2aσ

) + 2aσ(bσ − cσ)]dr (15)

When β = 0, the total (short-range plus long-range) exchange energy reduces to

EX = αE0
X

+(1−α)EGGA

X
, demonstrating that this new exchange functional has a

close connection to the exchange part of the classic B3LYP [13-15] functional (al-

though it is not identical even when α = 0.2, see section 3). Therefore, a natural

choice for the correlation component of CAM-B3LYP is the B3LYP correlation

term

EC = γELYP

C
+ (1 − γ)EVWN5

C
(16)

with γ = 0.81 [15, 16]. This correlation functional, combined with the short-

and long-range exchange components, with fitted values of α = 0.19, β = 0.46,

and a value of µ = 0.33 a−1
0 following Ikura et al. [2] (but see discussion later),

completely defines the CAM-B3LYP functional. In Section 2, a detailed assess-

ment of CAM-B3LYP is presented, comparing with the results from the standard

B3LYP. Conclusions and future research directions are presented in Section 3.

2 Assessment of the CAM-B3LYP functional

The preliminary assessments [1, 10] of the CAM-B3LYP functional considered

electronic excitation energies, together with a relatively small number of atom-

isation energies, ionisation potentials, and total energies. We now expand the

assessment to a much wider range of properties and molecules. Specifically we

consider atomisation energies, ionisation potentials, classical reaction barriers,

bond lengths of covalent molecules and hydrogen-bonded dimers, harmonic vi-

brational wavenumbers, NMR shielding constants and indirect spin-spin coupling

constants, static electronic polarisabilities, and electronic excitation energies from

time-dependent DFT. Table 1 lists the molecules considered in each assessment.
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Table 2 lists mean and mean absolute errors, relative to reference values (exper-

imental or correlated ab initio) for B3LYP and CAM-B3LYP.

Assessments 1, 2, 4, 5, 6, 7, and 10 consider subsets of the molecules consid-

ered in Ref. [17]. Assessment 3 (classical reaction barriers) considers a subset of

the BH42/04 database of Zhao et al. [18]. Assessments 8 and 9 (NMR shielding

constants and spin-spin couplings) consider the molecules in Ref. [19]. Assessment

11 (localised excitation energies) considers N2 and CO as in Ref. [20]. Assessment

12 considers the dipeptide excitations of Ref. [21]. For Assessment 3, calculations

were performed at the QCISD geometries of Ref. [18] using the 6-311+G(3df,2p)

basis set. For all other assessments, the same basis sets, geometries, and reference

values were used as in the original studies. As a final assessment, we also con-

sider the C2H4 · · · C2F4 charge transfer (CT) excitation investigated by Dreuw et

al. [22], using BLYP [12, 15] geometries and the TZ2P basis set [23]. All calcu-

lations were performed using a pre-release version of the DALTON program [24],

using a restricted formalism for open-shell systems.

The α and β parameters defining CAM-B3LYP were determined through a

fit to the atomisation energies of (essentially) the G2-1 set of molecules [25].

Yanai et al. [1] demonstrated that for these molecules, CAM-B3LYP atomisation

energies are of comparable quality to those of B3LYP. Assessment 1 of the present

study considers a subset of the full G2 set of molecules [25, 26], involving many

larger systems. The CAM-B3LYP error is now more than twice as large as that

of B3LYP, indicating that the high quality is not maintained outside the fitting

data. Assessment 2 considers ionisation potentials; in line with the observations

of Yanai et al. [1], CAM-B3LYP is slightly less accurate than B3LYP. Assessment

3 considers classical reaction barriers, which are known to be a significant chal-

lenge for approximate DFT functionals [27, 28]. The CAM-B3LYP mean absolute

error of 2.1 kcal mol−1 is notably smaller than that of B3LYP (2.8 kcal mol−1).

The ‘average’ amount of exact orbital exchange (averaged over all interelectron

distances) is larger in CAM-B3LYP than B3LYP; it is well-established that in-

creasing the fraction of exact orbital exchange improves the reaction barriers of

systems such as those in this assessment, for example see Ref. [29].

Assessments 4, 5, and 6 consider bond lengths of covalent molecules and

hydrogen-bonded dimers. CAM-B3LYP bond lengths tend to be shorter than

those of B3LYP. This leads to improved quality for the diatomic set, but a degra-

dation for the hydrogen bonded dimers and G2 molecules, where the shortening is

excessive. The shortening is also evident in the overestimated CAM-B3LYP har-

monic vibrational wavenumbers of Assessment 7. Assessments 8 and 9 consider

nuclear magnetic resonance (NMR) shielding constants and indirect spin-spin

coupling constants, determined in the conventional manner. CAM-B3LYP and

B3LYP provide comparable quality.



7

Assessments 10-12 consider second-order electric response properties. For the

static isotropic polarisabilities in Assessment 10, CAM-B3LYP is a notable im-

provement over B3LYP, which is consistent with the long-range nature of this

property. Assessment 11 considers localised (non CT) excitations. CAM-B3LYP

is a significant improvement over B3LYP, which can be traced to improved Ryd-

berg excitations. Assessment 12 considers excitation energies of a model dipep-

tide. CAM-B3LYP is again a notable improvement, which can this time be traced

to the description of the intramolecular CT excitation. It is well-established that

long-range exact orbital exchange is important for CT excitations [22, 30]. Fol-

lowing Dreuw et al. [22], we have also considered the asymptotic dependence of

the lowest intermolecular CT excitation energy between two isolated molecules

(C2H4 and C2F4) on the distance between the molecules R. Figure 1 compares

calculated curves with the exact − 1

R
behaviour, which arises from the electrostatic

interaction between the charged species following excitation. The behaviour of

the curves is completely dominated by the description of the exchange at large in-

terelectron distances. B3LYP therefore exhibits a −0.2
R

dependence, whilst CAM-

B3LYP exhibits an improved −α+β
R

= −0.65
R

.

Figure 1 demonstrates that the values of α and β defining CAM-B3LYP are

not optimal for asymptotic intermolecular CT excitations. They are also not opti-

mal for Rydberg excitations. Using parameters modified so that α+β = 1 (specif-

ically, α = 0.19, β = 0.81) will clearly improve the behaviour in Figure 1. We

have confirmed that it also improves the Rydberg excitations of Assessment 11;

the mean absolute error reduces to 0.24 eV. However, such a functional cannot

be recommended for general use since the individual parameters α and β are not

optimised. Atomisation energies and barriers are very poor (errors in excess of

10 kcal mol−1) and bond lengths are severely shortened. Interestingly, the dipep-

tide excitations also degrade (|d| = 0.69 eV); the intramolecular CT excitation

in this molecule is shorter ranged than the excitation in Figure 1.

3 Conclusions and future research directions

We have examined the performance of the CAM-B3LYP exchange-correlation

energy functional for the evaluation of a wide range of molecular properties. The

key observation is the improvement in long-range properties such as Rydberg and

CT excitation energies, and electronic polarisabilities. This improvement is not

associated with any significant increase in computational cost. For several other

properties, CAM-B3LYP is comparable to B3LYP. For some properties, most

notably atomisation energies, CAM-B3LYP cannot compete with B3LYP.

Further investigation of Coulomb-attenuated functionals is now required. CAM-



8

B3LYP is far from optimal and we are confident that further improvements can be

made. We highlight three areas that must be addressed. First, we have demon-

strated the importance of the α + β = 1 condition; future Coulomb-attenuated

functionals must incorporate such a condition in order to further improve long-

range excitations. Second, the choice of GGA exchange and correlation function-

als is not optimal; the scheme must be applied to newer forms such as Becke’s

1997 expansion [31]. The choice of expansion highlights an important observation

regarding the gradient corrected exchange in the present study. The exchange

contribution in the B3LYP functional can be written

EB3LYP = A · E0

X
+ (1 − A) · ELDA

X
+B · ∆EB88

X
(17)

where A = 0.2, B = 0.72 and ∆EB88

X
is the B88 gradient correction. For β = 0

(no attenuation), the CAM-B3LYP exchange functional takes the form

ECAM-B3LYP = α · E0

X
+ (1 − α) · ELDA

X
+ (1 − α) · ∆EB88

X
(18)

with α = 0.19. Thus, even if α is reset to 0.2, the two functionals will not

be identical due to the different pre-factors of the B88 gradient correction; to

reduce to B3LYP, the underlying exchange term in CAM-B3LYP would have to

be EGGA

X
= ELDA

X
+0.9∆EB88

X
, rather than EGGA

X
= ELDA

X
+∆EB88

X
. (We note that the

CAM-B3LYP case is analogous to that of B1LYP [32]). This discussion leads us

to consider an alternative approach, where the Coulomb-attenuation is applied

to the local density exchange only, such that the short-range term is given by

Eqn. (5). A gradient corrected exchange term and a correlation functional could

then be added, and their parameters optimised. Such a procedure would remove

the assumption of Ikura et al. [2], that the GGA one particle density matrix

can be obtained from a momentum scaling and would bring the functional closer

to the more usual GGA and hybrid forms, in the sense that they augment the

(attenuated) LDA functional. The disadvantage of such an approach is that the

GGA exchange would not be eliminated completely as r12 → ∞, as the (small)

gradient correction would remain.

A third area that must be addressed is the choice of µ in Eqn. (1) and its rela-

tionship to the expansion parameters defining the functional. Preliminary studies

on electronic excitations in the hydrogen atom show that the CAM-B3LYP time-

dependent excitation spectrum is an improvement over B3LYP when its original

parameters are used (α + β = 0.65, µ = 0.33 a−1
0 ). If we constrain α + β = 1.0,

then µ must be reduced, in order not to degrade the shape of the attenuation in

the smaller r12 region. For hydrogen, a value of µ = 0.15 a−1
0 is more appropriate.

We are investigating these three issues.
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Table 1: Systems used in the 12 assessments; see Table 2 for the corresponding

errors.

1. Atomisation energies

Acetamide, acetic acid, acetone, acetyl chloride, acetyl fluoride, acrylonitrile,

AlCl3, allene, aziridine, BCl3, BeH, benzene, BF3, bicyclobutane, C2H2, C2H3,

C2H4, C2H5, C2H6, CCH, CF3CN, CF4, CH, CH2(
1A), CH2CHF, CH3,

(CH3)2CH, (CH3)3C, CH3CH2O, CH3Cl, CH3CO, CH3O, CH3OH, CH4, CHF3,

Cl2, ClF, ClNO, CO, CO2, cyclobutene, cyclopropene, dimethylamine,

dimethylether, ethanol, ethylchloride, F2, F2O, formic acid, furan, H2, H2CO,

H2COH, H2O, H2O2,HCl, HCO, HF, HOCl, isobutane, isopropanol, ketene, Li2,

LiF, LiH, methyl cyanide, methyl ethylether, methyl formate, methyl nitrite,

methylamine, methylene cyclopropane, N2, N2O, Na2, NaCl, NF3, NH3,

nitromethane, NO2, O3, OH, oxirane, propane, propylchloride, propyne,

pyridine, pyrrole, trans-ethylamine, trimethylamine, 2-butyne, vinylchloride.

2. Ionisation potentials

Li, Be, B, C, N, O, F, Na, Mg, Al, CH4, NH3, H2O, HF, HCl, C2H2, C2H4, CO,

N2, Cl2, ClF.

3. Classical reaction barriers

CH3 + H2 → CH4 + H

OH + CH4 → CH3 + H2O

H + H2 → H2 + H

OH + NH3 → H2O + NH2

HCl + CH3 → Cl + CH4

OH + C2H6 → H2O + C2H5

F + H2 → HF + H

O + HCl → OH + Cl

NH2 + CH3 → CH4 +NH

NH2 + C2H5 → C2H6 +NH

C2H6 + NH2 → NH3 + C2H5

NH2 + CH4 → CH3 + NH3

s-trans cis-C5H8 → s-trans cis-C5H8

H2 + Cl → H + HCl

CH4 + H → CH3 + H2

H2O + NH2 → OH + NH3

Cl + CH4 → HCl + CH3
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H2O + C2H5 → OH + C2H6

OH + CH3 → O + CH4

PH2 + H2 → H + PH3

H2 + HS → H + H2S

OH + Cl → O + HCl

NH3 + C2H5 → NH2 + C2H6

CH3 + NH3 → NH2 + CH4

4. Diatomic bond lengths

Li2, LiNa, LiK, Na2, NaK, K2, N2, NP, NAs, P2, PAs, As2, F2, FCl, FBr, Cl2,

ClBr, Br2, LiF, LiCl, NaF, NaCl, NaBr, KF, KCl, BCl, BBr, AlF, AlCl, AlBr,

CO, CS, CSe, SiO, SiS, SiSe, GeO, GeS.

5. Hydrogen bond dimer distances

(HF)2, (HCl)2, (H2O)2, (CO)(HF), (OC)(HF).

6. G2 Bond lengths

H2, LiH, CH2(
1A), NH3, H2O, HF, Li2, LiF, C2H2, C2H4, HCN, CO, H2CO, N2,

H2O2, F2, CO2, HCl, Na2, Cl2, NaCl, SiO, CS, ClF.

7. Harmonic vibrational wavenumbers

Li2, LiNa, LiK, Na2, NaK, K2, N2, NP, NAs, P2, PAs, As2, F2, FCl, Cl2, ClBr, Br2, LiF,

LiCl, NaF, NaCl, NaBr, KF, KCl, BCl, BBr, AlF, AlCl, AlBr, CO, CS, CSe,

SiO, SiS, SiSe, GeO, GeS.

8. Isotropic NMR shielding constants

CF2, CF4, NO−

2 , linear CO2, cyclic CO2, linear N2O, cyclic N2O, cis-N2F2, trans-N2F2,

C6H6, C2H
+
3 , C7H

+
9 , C6H5N

+
2 , HF, N2, H2O, CO, HCN, CH4, C2H2, C2H4.

9. Indirect spin-spin coupling constants

HF, CO, N2, H2O, HCN, NH3, CH4, C2H2, C2H4, C2H6, C6H6.

10. Isotropic polarisabilities

HF, F2, CO, N2, CH4, CO2, C2H4, PH3, H2O, H2S, SO2, HCl, Cl2.

11. Localised excitation energies

CO, N2.

12. Dipeptide excitation energies

C5N2O2H10.
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Table 2: Mean error d and mean absolute error |d| for the systems in Table 1.

(Error = calculated − reference).

B3LYP CAM-B3LYP
1. Atomisation energies

d/kcal mol−1 0.5 4.8
|d|/kcal mol−1 2.2 5.5
2. Ionisation potentials

d/eV 0.03 0.13
|d|/eV 0.15 0.18
3. Classical reaction barriers

d/kcal mol−1 −2.4 −0.9
|d|/kcal mol−1 2.8 2.1
4. Diatomic bond lengths

d/Å 0.013 −0.007
|d|/Å 0.017 0.014
5. Hydrogen bond dimer distances

d/Å 0.01 −0.03
|d|/Å 0.04 0.06
6. G2 bond lengths

d/Å 0.003 −0.007
|d|/Å 0.008 0.011
7. Harmonic vibrational wavenumbers

d/cm−1 6 34
|d|/cm−1 22 37
8. Isotropic NMR shielding constants

d/ppm −37.1 −36.5
|d|/ppm 37.1 36.5
9. Indirect spin-spin coupling constants

d/Hz 1.4 1.3
|d|/Hz 8.0 7.3
10. Isotropic polarisabilities

d/au 0.36 0.15
|d|/au 0.45 0.30
11. Localised excitation energies

d/eV −0.82 −0.45
|d|/eV 0.82 0.46
12. Dipeptide excitation energies

d/eV −0.15 0.39
|d|/eV 0.73 0.40
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Figure 1: Charge transfer excitation energy of C2H4 · · · C2F4 as a function of

intermolecular distance, R, with B3LYP and CAM-B3LYP functionals. The

excitation energy at 5 Å is set to zero for all methods.
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